Abstract. In this paper we prove Lie algebroid versions of Tsygan's formality conjecture for Hochschild chains both in the smooth and holomorphic settings. Our result in the holomorphic setting implies a version of Tsygan's formality conjecture for Hochschild chains of the structure sheaf of any complex manifold. The proofs are based on the use of Kontsevich's quasi-isomorphism for Hochschild cochains of R½½y 1 ; . . . ; y d , Shoikhet's quasi-isomorphism for Hochschild chains of R½½y 1 ; . . . ; y d , and Fedosov's resolutions of the natural analogues of Hochschild (co)chain complexes associated with a Lie algebroid. In the smooth setting we discuss an application of our result to the description of quantum traces for a Poisson Lie algebroid.
Introduction
Lie algebroids and Lie groupoids provide a natural framework for developing analysis on di¤erentiable foliations and manifolds with corners [24] , [25] , [27] , [37] . This motivates our interest to the natural analogues of Hochschild and cyclic (co)homological complexes in the setting of Lie algebroids and to the corresponding analogues of the Kontsevich-Tsygan formality conjectures. Thus the formality theorem for the di¤erential graded Lie algebra (DGLA) of Hochschild cochains in the Lie algebroid setting [1] allows us to quantize an arbitrary Poisson Lie algebroid1). The formality of the DGLA module of Hochschild chains in the Lie algebroid setting would give a description of the quantum traces for Poisson Lie algebroids, and the formality of the cyclic complex in the setting of Lie algebroids would imply the algebraic index theorem [26] , [32] for the deformations associated with an arbitrary Poisson Lie algebroid.
An appropriate analogue of the Hochschild cochain (resp. chain) complex associated with a Lie algebroid E is the complex of E-polydi¤erential operators (resp. Hochschild E-chains) (see definitions 1.9 and 1.14 in the next section). It turns out that the complex of E-polydi¤erential operators is naturally a DGLA and the complex of E-chains is naturally a DG module over this DGLA. Due to the recent result [1] of the first author for any Lie algebroid E over a smooth manifold the DGLA of E-polydi¤erential operators is formal.
In this paper we use Kontsevich's [20] and Shoikhet's [29] formality theorems for R d formal and the 'Fedosov-like' [12] globalization technique [3] , [9] , [10] , [26] to prove that for any Lie algebroid E over a smooth manifold (resp. holomorphic Lie algebroid over a complex manifold) the DGLA module of E-chains (resp. the sheaf of DGLA modules of E-chains) is formal. In the smooth setting this result allows us to describe quantum traces for an arbitrary Poisson Lie algebroid. In the holomorphic setting this result implies a version of Tsygan's formality conjecture for Hochschild chains of the structure sheaf of any complex manifold.
Eliminating the sheaf of Hochschild E-chains in the holomorphic setting we get that for any holomorphic Lie algebroid E the sheaf of E-polydi¤erential operators is formal as a sheaf of DGLAs. In particular, this result implies Kontsevich's formality theorem for complex manifolds, the proof of which was formulated only for algebraic varieties [39] .
The paper is organized as follows. In the first section we recall some basic facts about Lie algebroids and define algebraic structures on the complexes of E-polydi¤erential operators and E-polyjets of an algebroid E. We recall Kontsevich's [20] and Shoikhet's [29] formality theorems for R d formal and formulate our first result, the formality of the module of E-chains (see theorem 2.2). The second section is devoted to the construction of the Fedosov resolutions of the sheaves of E-polydi¤erential operators, E-chains, E-polyvector fields and E-forms. It is the most technical part of the paper. Using these resolutions in section 3, 1) According to the terminology of P. Xu [38] we have to call this object a triangular Lie bialgebroid. However, since we do not mention the bialgebroid structure, we refer to this object as a Poisson Lie algebroid.
we prove theorem 2.2. In the same section we apply this theorem to the description of quantum traces of Poisson Lie algebroids. In section 4 we prove Tsygan's formality conjecture for Lie algebroid chains in the holomorphic setting (see theorem 5.2), which, in particular, gives us the formality theorem for Hochschild chains of the structure sheaf of an arbitrary complex manifold (see theorem 5.4) . In the concluding section we mention an equivariant version of theorem 2.2 and raise some other questions.
Notations. We assume Einstein's convention for the summation over repeated indices and omit the symbol 5 referring to a local basis of exterior forms. The arrow 1! denotes an L y -morphism of L y -algebras, the arrow 11! denotes a morphism of L ymodules, and the notation L # mod M means that M is an L y -module over the L y -algebra L. The abbreviation ''DGLA'' stands for ''di¤erential graded Lie algebra'' and the abbreviation ''DGA'' stands for ''di¤erential graded associative algebra''. Throughout the paper (except section 5) we work over the field R of real numbers: unless otherwise specified, M denotes a smooth real manifold, O M denotes the sheaf of real valued C y -functions on M and vector bundles are real vector bundles. Finally, we denote by the same symbol a vector bundle and its sheaf of sections. The O M -module structure and the Lie algebra structure on the sheaf E are compatible in the following sense: for any open subset U H M, any function f A O M ðUÞ and any sections u; v A GðU; EÞ ½u; fv ¼ f ½u; v þ rðuÞð f Þv: ð1:1Þ
The map r is called the anchor.
Examples. (1) The tangent bundle TM on M is the simplest example of a Lie algebroid. The bracket is the usual Lie bracket of vector fields and the anchor is the identity map id : TM ! TM.
(2) More generally any involutive distribution (i.e. regular foliation) E H TM is a Lie algebroid over M.
(3) A Lie algebroid over a point is simply a finite dimensional Lie algebra.
1.1.1. The sheaf of E-polyvector fields. It turns out that the Lie bracket ½ ; on sections of E T 0 poly ¼ E can be naturally extended to a Lie bracket on sections of the whole vector bundle E T Ã poly of E-polyvectors (it was noticed in [2] ). Indeed, first, we define a Lie bracket ½ ; SN on homogeneous sections of low degree as follows: Another operation defined on E-forms is the contraction with E-polyvector fields. For an E-polyvector field u A GðU; E T k poly Þ we denote by i u the contraction with u. Using this contraction, the E-de Rham di¤erential (1.5), and the Cartan-Weil formula f ; g A O M ðUÞ; u; v A GðU; EÞ:
As a sheaf of O M -modules, UE is endowed with an increasing filtration
which is defined by assigning the degree 1 to the E-polyvector fields.
In the terminology of [28] E is a sheaf of Lie-Rinehart algebras over the structure sheaf O M and UE is its universal enveloping algebra. Besides the fact that UE is a sheaf of algebras, UE is also equipped with a coassociative O M -linear map D : UE ! UE n O M UE which is defined as follows:
DðuÞ ¼ u n 1 þ 1 n u; DðPQÞ ¼ DðPÞDðQÞ; ð1:13Þ Eu A GðU; EÞ; P; Q A GðU; UEÞ:
Remark. For any u A GðU; O M l EÞ one can see that a lift of DðuÞ lies in the normalizer NðI U Þ of the right ideal I U generated by f n 1 À 1 n f , f A O M ðUÞ, in GðU; UE n R UEÞ. Therefore D takes values in a sheaf of algebras (the one associated to the presheaf of algebras U 7 ! NðI U Þ=I U ); hence DðPQÞ ¼ DðPÞDðQÞ is well-defined.
Moreover the anchor r extends to a (left) O M -linear morphism of sheaves of (associative) algebras r : UE ! EndðO M Þ. In the terminology of [37] , ðUE; D; rÞ is a sheaf of Hopf algebroids with anchor.
Notice that, in the simplest example E ¼ TM of the Lie algebroid UE is the sheaf of di¤erential operators on M. In this case DðPÞ is the bidi¤erential operator ð f ; gÞ 7 ! Pð fgÞ.
The following result shows that UE is an ind-finite dimensional vector bundle over M. [28] ). UE G SðEÞ as sheaves of (left) O M -modules. 
For any u A GðM; EÞ we denote by ' u the associated map GðM; BÞ ! GðM; BÞ.
Remark. As with usual connections, one can extend this covariant derivative on E-tensor in a unique way such that ' u is a derivation with respect to the tensor product of E-tensors, commutes with the contraction of E-tensors, acts as rðuÞ on functions, and is R-linear. Definition 1.5. The curvature R of a connection ' with value in B is the section R of the bundle E 4 n E 4 n B 4 n B defined by
for any u; v A GðM; EÞ and w A GðM; BÞ.
Locally, the curvature is given by
For a connection ' on E itself one has the following Definition 1.6. The torsion T of ' is an E-tensor of type ð1; 2Þ defined by
for any u; v A GðM; EÞ.
One can write the local coe‰cients of this tensor very easily: Proof. See for example [15] . r 1.3. Algebraic structures on E-polydi¤erential operators and E-polyjets. poly of Epolydi¤erential operators is the tensor algebra of the bundle UE with a shifted grading:
It is easy to see that in the case E ¼ TM the sheaf
poly is the sheaf of polydi¤eren-tial operators on M.
Using the coproduct (1.13) in UE we endow the graded sheaf E D Ã poly of Epolydi¤erential operators with a Lie bracket ½ ; G . To introduce this bracket we first define the following bilinear product of degree 0:
ð1:23Þ for any P; Q A GðU;
is by convention the identity map.
Remark. Let I be the right ideal in UE nk generated by
where i ¼ 1; . . . ; k À 1 and f A O M . The sheaf of algebras NðIÞ=I acts on any tensor product Although the bilinear product is not associative, the graded commutator ½P; Q G ¼ P Q À ðÀ1Þ jPj jQj Q P; P; Q A GðU; defined by the formula wðaÞðPÞ ¼ að1 n PÞ; P A GðU;
the sums run over all i, j, k, l satisfying the conditions 0 e i e j À jP 1 j À 1; j e n À jP 2 j;
1 e l e jP 1 j; jP 1 j À l þ 1 e k e n À jP 2 j À l; [19] says that the module of Hochschild homology of a smooth a‰ne algebra is isomorphic to the module of exterior forms of the corresponding a‰ne variety. In [4] , A. Connes proved an analogous statement for the algebra of smooth functions on any compact real manifold, and in [34] , N. Teleman was able to get rid of the assumption of compactness. The similar question about Hochschild cohomology turns out to be tractable if we replace the Hochschild cochains by polydi¤erential operators. We believe that the cohomology of this complex of polydi¤erential operators was originally computed by J. Vey [36] . All these computations correspond to the case when E ¼ TM. In our general case we have the following proposition: Proposition 2.1. The natural maps 
The proposition is proved. r 2.2. The formality of the DGLA module of E-chains. Unfortunately, the maps (2.1) and (2.2) respect neither the Lie brackets nor the actions. This defect can be cured using the notion of Lie algebras and their modules up to homotopy (see [18] for a detailed discussion of the general theory and its applications, and [10] , section 2 for a quick review of the notions and results we need). The main result of this paper is the following theorem: 
Example. Let us consider the case when the base manifold M shrinks to a point. Then the Lie algebroid E is a finite dimensional real Lie algebra g and the diagram of sheaves (2.3) becomes a diagram of (DG) Lie algebras and their modules. These DG Lie algebras and their modules can be described in geometric terms using a real Lie group G whose Lie algebra is g. A Ã can be identified with the graded Lie algebra of left invariant polyvector fields on G and the graded module of left invariant exterior forms on G, respectively. In this case, our result can be derived from [11] , corollary 4 (see [11] , section 5.3).
Remark. It will appear clearly in the proof that all these results remain true for complex Lie algebroids. Namely, a complex Lie algebroid on a smooth real manifold M is a complex vector bundle of finite rank E whose sheaf of sections is a sheaf of (complex) Lie algebras with a O C M -linear morphism of sheaves of Lie algebras r : E ! T C M satisfying the same condition described in formula (1.1). (1) The first structure map K ½1 is Vey's quasi-isomorphism (2.1) of complexes V. We denote by Theorem 2.6 (Shoikhet, [29] ). There exists a quasi-isomorphism S of L y -modules over T
Formality theorems for the Hochschild complexes of
(1) The first structure map S ½1 is the quasi-isomorphism of Connes (2.2).
(2) The structure maps of S are GL d ðRÞ-equivariant. Remark 2. Hopefully, one can prove the assertions of theorem 2.6 along the lines of Tamarkin and Tsygan [31] , [32] , [33] .
The Fedosov resolutions
Let, as above, E ! M be a C y Lie algebroid with bracket ½ ; on sections and the anchor r. Following [10] we introduce the formally completed symmetric algebra bundlê S SðE where y i are coordinates on the fibers of E and s i 1 ...i l are components of a symmetric covariant E-tensor.
E is the graded bundle of formal fiberwise polyvector fields on E. Local homogeneous sections of degree k are of the form
are components of an E-tensor with symmetric covariant part (indices i 1 ; . . . ; i l ) and antisymmetric contravariant part (indices j 0 ; . . . ; j k ).
Þ n T Ãþ1 ðSEÞ is the graded bundle of formal fiberwise polydi¤erential operators on E with the shifted grading. A local homogeneous section of degree k looks as follows:
where a s are multi-indices, P a 0 ...a k i 1 ...i l are components of an E-tensor with the obvious symmetry of the corresponding indices, and
Þ is the graded bundle of formal fiberwise di¤erential forms on E with the reversed grading. Any local homogeneous section of degree Àk can be written as
where o i 1 ...i l ; j 1 ...j k are components of a covariant E-tensor symmetric in indices i 1 ; . . . ; i l and antisymmetric in indices j 1 ; . . . ; j k .
J Ã is the bundle of Hochschild chains ofŜ SðE
wheren n stands for the tensor product completed in the adic topology. Local sections of homogeneous degree k are formal power series E W n BÞ). 4) The definition of the Gerstenhaber algebra can be found in section 4.1 of the second part of [7] or in the original paper [16] .
Nijenhuis bracket, the action on E WðDÞ is given by the Gerstenhaber bracket and the action on E WðJÞ is induced by the action of Hochschild cochains on Hochschild chains (see [10] , formula 3.4). The compatibility of the action with the corresponding DGLA and DGLA module structures follows from the construction. The compatibility of the action with the product in E WðTÞ follows from the axioms of the Gerstenhaber algebra [16] and the compatibility with the product in E WðDÞ can be verified by a straightforward computation. r Due to the above proposition the following 2-nilpotent derivation Note that
as sheaves of (graded) commutative algebras over
is a sheaf of fiberwise polyvector fields (3.1) (resp. fiberwise polydi¤erential operators (3.2)) whose components do not depend on the fiber coordinates y i . In other words, In fact, one can prove a more stronger statement:
Furthermore,
as sheaves of (graded) commutative algebras and 
The standard curvature E-tensor ðR ij Þ l k ðxÞ of the connection q E provides us with the following fiberwise vector field: 5) Recall that by the word ''connection'' we always mean an E-connection (1.14). where RÁ denotes the action of the vector field R in the sense of proposition 3.1.
Although 
and (3.21) is compatible with the DG algebraic structure on E WðBÞ.
Proof. The proof goes essentially along the lines of [9] , theorem 2.
Thanks to equation (3.19) the condition D 2 ¼ 0 is equivalent to the equation
We claim that a solution of (3.22) can be obtained by iterations of the equation
in degrees in the fiber coordinates y i . Indeed, equation (3.13) implies that iterating (3.23) we get a solution of the equation
We denote by C the left-hand side of (3.22),
and mention that due to Bianchi's identities 'R ¼ dR ¼ 0
Applying k (3.15) to (3.24) and using the homotopy property (3.13) we get
The latter equation has the unique vanishing solution since the operator k (3.15) raises the degree in the fiber coordinates y i . 
as sheaves of graded commutative algebras
as sheaves of DGAs over R.
Proof. The first statement follows easily from the spectral sequence argument. Indeed, using the fiber coordinates y i we introduce the decreasing filtration
where the components of the sections of the sheaf F p B have degree in y i f p.
Since DðF p BÞ H F pÀ1 B the corresponding spectral sequence starts with
It is easy to see that
Thus using proposition 3.2 we conclude that for any p, q satisfying the condition p þ q > 0,
and the first statement (3.25) follows.
Let B denote either of the bundlesŜ SðE 4 Þ, A, T, or D. We claim that iterating the equation
we get a map of sheaves of graded vector spaces
Here AÁ denotes the action of the fiberwise vector field A, defined in proposition 3.1. Indeed, let u be a section of B. Then, due to formula (3.13), lðuÞ satisfies the equation 
Applying (3.13) to Y and using equations (3.30), (3.31) we get
The latter equation has the unique vanishing solution since the operator k (3.15) raises the degree in the fiber coordinates y i .
The map (3.29) is obviously injective. To prove that the map is surjective we notice that H,
is a left inverse of the map (3.29). Thus it su‰ces to prove that if a A GðU; B X ker DÞ and
The condition a A ker D is equivalent to the equation
Hence, applying (3.13) to a and using (3.32) we get
The latter equation has the unique vanishing solution since the operator k 
Furthermore, the sheaf T Ã X ker d in the right-hand side of the latter equation can be can-
E as a sheaf of vector spaces.
Thus, it is natural to ask whether the graded algebraic structures on the sheaves T Ã X ker d and 
of the map
induces an isomorphism of the sheaves of graded Lie algebras H
induces an isomorphism of the sheaves of graded modules H
Proof. The first part of the proposition is proved in [1] (see proposition 2.4). To prove the second part, we first remark that the maps H and n are compatible with the cup products. 
is a morphism of graded commutative algebras, it is su‰cient to prove it for functions and 1-forms:
First case. Let f be a function and
A direct computation shows that It is not hard to show that
Therefore,
and hence,
To finish the proof we notice that for any fiberwise polyvector field u A GðU; T Ã Þ and any fiberwise di¤erential form o A GðU; AÞ, the equation Remark. Actually, we have proved a slightly stronger statement. Namely, we have shown that the maps (3.38) and (3.35) induce an isomorphism of the sheaves of calculi.
The precise definition of the calculi can be found in section 4.3 of the second part of [7] .
Let us now recall that T 0 is a sheaf of Lie-Rinehart algebras [28] over the sheaf of algebras T À1 ¼Ŝ SðE Proof. Notice that UE and D 0 are both filtered sheaves of algebras. The filtration on UE is defined in (1.12) and the filtration on D 0 is given by the degree of di¤erential operators.
Thanks to the results of [27] and [28] we have the PBW theorem for Lie algebroids. This theorem says that the associated graded module of the filtration (1.12) on UE is GrðUEÞ ¼ SðEÞ the symmetric algebra of the bundle E. 
where l is defined in (3.29).
Let us also observe that since the map (3.39) is a morphism of the sheaves of Hopf algebroids with anchor then the map (3.42) is a morphism of the sheaves of DGLAs (over R). Furthermore, theorem 3.4 implies that the sheaf of DGAs D Ã X ker D is generated by the sheaf D 0 X ker D over the sheaf of commutative algebrasŜ SðE
Therefore using proposition 3.6 we get the following result: Proof. The first statement (3.45) follows easily from the spectral sequence argument. Indeed, using the zeroth collection of the fiber coordinates y i 0 (3.5) we introduce the decreasing filtration on the sheaf E WðJÞ
where the components of the sections (3. Furthermore, m 0 is obviously compatible with cyclic permutations tm 0 ðP 0 n P 1 n Á Á Á n P l Þ ¼ m 0 ðP 1 n P 2 n Á Á Á n P l n P 0 Þ; P i A GðU; UEÞ:
Hence, for any P A GðU; E D Ã poly Þ and any a A GðU; J Ã Þ, where u A GðU; EÞ, j A GðU;
poly Þ, i denotes the contraction of an Evector field with E-di¤erential forms, r is the anchor map, and u is viewed both as a section of E and an E-di¤erential operator. r The results of the previous section can be represented in the form of the following commutative diagrams of sheaves of DGLAs, their modules, and morphisms:
; bÞ;
ð4:1Þ
where the horizontal arrows correspond to embeddings of the sheaves of DGLAs (resp. of DGLA modules) constructed in the previous section. These embeddings are quasiisomorphisms by theorems 3.4, 3.8 and propositions 3.5, 3.7.
Next, due to claims (1) and (2) Due to claims (1) and (2) in theorem 2.6 we have a fiberwise L y -quasi-isomorphism
from the sheaf of L y -modules E WðJÞ to the sheaf of DGLA modules E WðAÞ over E WðTÞ.
Thus we get the following commutative diagram:
ð4:4Þ
where by commutativity we mean that S is an L y -morphism of the sheaves of L y -modules À E WðJÞ; b Á and ð E W; 0Þ over the sheaf of DGLAs À E WðTÞ; 0; ½ ; SN Á and the L y -module structure on À E WðJÞ; b Á over À E WðTÞ; 0; ½ ; SN Á is obtained by composing the L ymorphism K with the action R (see [10] , 3.4) of À E WðDÞ; q; ½ ; G Á on À E WðJÞ; b Á .
Let us now restrict ourselves to an open subset V H M such that Ej V is trivial. Over any such subset the E-de Rham di¤erential (1.5) is well defined for either of the sheaves E WðAÞ, E WðTÞ, E WðJÞ, and E WðDÞ. Furthermore, since the L y -quasi-isomorphisms (4.2) and (4.3) are fiberwise we can add to all the di¤erentials in diagram (4.4) the E-de Rham di¤erential (1.5). Thus we get a new commutative diagram
of the L y -morphism K and the morphism of L y -modules S.
We claim that Proposition 4.1. The L y -morphism K and the morphism of L y -modules S in (4.5) are quasi-isomorphisms.
Proof. This statement follows easily from the standard argument of the spectral sequence. Indeed, we can naturally regard E WðTÞ and E WðDÞ (resp. E WðJÞ and E WðAÞ) as sheaves of double complexes and the exterior degree provides us with the following descending filtration
where B is either T or D (resp. J or A).
The corresponding versions of Vey's [36] and Hochschild-Kostant-RosenbergConnes-Teleman [4] , [19] , [34] theorems for R d formal imply that K (resp. S) induces a quasi-isomorphism on the level of E 0 . Hence, K (resp. S) induces a quasi-isomorphism on the level of E y . The standard snake lemma argument of homological algebra implies that K (resp. S) in (4.5) According to [10] , section 2, proposition 1, the element
where B is viewed as a section of the sheaf
Thus twisting the L y -quasi-isomorphism K in (4.5) by the Maurer-Cartan element B we get the L y -quasi-isomorphism
Since the DGLA module structure on E WðAÞ over E WðTÞ (resp. on E WðJÞ over E WðDÞ) is honest the twist by the Maurer-Cartan element described in section 2 of [10] does not change these structures. Hence, by virtue of [10] , propositions 3 and 4, the twisting procedure turns diagram (4.5) into the commutative diagram
ð4:7Þ
where S tw is an L y -quasi-isomorphism obtained from S by twisting via the MaurerCartan section B of the sheaf of DGLAs
We claim that the L y -morphism K tw (resp. S tw ) does not depend on the choice of the trivialization of E over V and hence is a well-defined L y -morphism of sheaves of DGLAs (resp. sheaves of DGLA modules). Indeed, the term in B that depends on the choice of the trivialization of E is linear in the fiber coordinates y i . But due to claim (4) in theorem 2.5 and claim (3) in theorem 2.6 this term contributes neither to K tw nor to S tw .
Thus the L y -quasi-isomorphisms K tw and S tw are well defined and we arrive at the following commutative diagram: Þ. It is obvious from the construction that the terms and the quasi-isomorphisms of the resulting diagram (2.3) are functorial in the pair ðE; q E Þ, where q E is a torsion-free connection on E. Thus, theorem 2.2 is proved. r 4.2. Applications of the formality theorem. The obvious applications of the formality theorem for E-chains are related to the deformations associated with Poisson Lie algebroids. Namely, theorem 2.2 allows us to get an elegant description of the Hochschild homology and the traces of these deformations.
First, we recall that Here h is an auxiliary variable and t denotes the (cyclic) permutation of components of P A GðM;
Furthermore, two deformations P and P 0 of ðE; M; r; pÞ are called equivalent if there exists a formal power series
where D is the coproduct (1.13) in UE. 
of formal power series in h acted upon by the Lie algebra hGðM; EÞ½½ h p h ! ½u; p h ; u A hGðM; EÞ½½ h; ð4:15Þ then Corollary 4.3. The deformations (4.10) associated with a Poisson Lie algebroid ðE; M; r; pÞ modulo the relation (4.13) are in a bijective correspondence with the points of the cone (4.14) modulo the action (4.15) of the prounipotent group corresponding to the Lie algebra hGðM; EÞ½½ h. r
An orbit ½p h on the cone (4.14) corresponding to a deformation P (4.10) is called the class of the deformation and any point p h of this orbit is called a representative of the class.
Given a deformation P (4.10) associated with a Poisson Lie algebroid ðE; M; r; pÞ one can define the Hochschild chain complex of this deformation as the graded vector space Due to [10] , proposition 2, claim (5), [10] , proposition 3, claim (5), and theorem 2.2 we get the following result:
Corollary 4.4. Let P be a deformation associated with a Poisson Lie algebroid ðE; M; r; pÞ and let p h be a representative of the class of this deformation. Then the complex of Hochschild cohomology (4.17) of the deformation P is quasi-isomorphic to the complex of E-polyvector fields
with the di¤erential ½p h ; . The complex of Hochschild homology (4.16) of the deformation P is quasi-isomorphic to the complex of E-forms
Given a deformation P (4.10) associated with a Poisson Lie algebroid ðE; M; r; pÞ one can define a trace7) of the deformation P as an R½½ h-linear functional tr : OðMÞ½½ h ! R½½ h ð4:20Þ satisfying the following condition: space of traces of the deformation P is isomorphic to the vector space of continuous R½½ hlinear R½½ h-valued functionals on OðMÞ½½ h vanishing on all functions f A OðMÞ½½ h of the form
where p h is viewed as a series E-bidi¤erential operators. r
Formality theorems for holomorphic Lie algebroids
Let now M be a complex manifold. Let us write T C M ¼ T 1; 0 l T 0; 1 for the decomposition of the (complexified) tangent bundle as the sum of the holomorphic tangent bundle and anti-holomorphic tangent bundle. We denote by O M the structure sheaf of holomorphic functions on M and by z a local coordinates on M. We have to adapt the definition of holomorphic Lie algebroids: Definition 5.1. A holomorphic Lie algebroid over a complex manifold M is a holomorphic vector bundle E of finite rank whose sheaf of sections is a sheaf of Lie algebras equipped with an O M -linear map of sheaves of (complex) Lie algebras
satisfying the same condition described (for the smooth case) in formula (1.1).
Remark. This notion is di¤erent from the one of a complex Lie algebroid that we introduced in the remark of subsection 2.2. We would like to mention that this corollary is parallel to the result of A. Yekutieli [39] , who proved this statement for the tangent Lie algebroid TM ! M of any smooth algebraic variety over a field K for which R H K.
Notice that applying theorem 5.2 to the tangent algebroid T 1; 0 M ! M we prove the following version of Tsygan's formality conjecture for complex manifolds: 
Fedosov resolutions.
First, we observe that any holomorphic Lie algebroid E can be viewed as a complex Lie algebroid in the sense of the remark in subsection 2.2, where the anchor map is naturally extended to the smooth sections of E. It is clear that the sheaf of Lie algebras T 0; 1 acts on E and that this action commutes with r as r is holomorphic. Thus we get 
Furthermore, 
Let us choose a connection q
E on E which is compatible with the complex structure on E: 
It is not hard to show that such a connection always exists, and moreover, one can always choose q E to be torsion free. 
and try to mimic the proof of theorem 3.3.
Due to (5.17) and (5.18) the condition ðD 1; 0 Þ 2 ¼ 0 is equivalent to the equation
This equation has a solution obtained by iterations of the following equation (with respect to the degrees in fiber coordinates y i 's):
(the proof is the same as for theorem 3.3).
Using (5.18) once again we observe that the condition
which, using the same arguments, has a solution obtained by iterations of the equation
Indeed, denoting
and using that dA ¼ R
We have kC 1; 1 ¼ 0 by construction of A and so, by the ''Hodge-de Rham'' decomposition (5.13), we have
The latter equation has the unique vanishing solution, which gives the result.
Let us now check the condition ðD 0; 1 Þ 2 ¼ 0. This will be true if the section Á . Using the degree in the fiber coordinates y i we introduce on this complex a decreasing filtration. Applying the spectral sequence argument (as in the proof of theorem 3.4) and using proposition 5.8 we conclude that for any i f 0, the cohomology of the complex
Following the lines of the proof of theorem 3.4 it is not hard to show that iterating the equation and moreover, the map l (5.24) has a natural inverse given by the map H (5.14).
We claim that l gives a quasi-isomorphism of complexes l : 
is an isomorphism of the sheaves of DGLAs
The map
is an isomorphism of the sheaves of DGLA modules Due to claims (1) and (2) in theorem 2.5 and claims (1) and (2) 
in which the L y -morphism K and the morphism of L y -modules S are quasiisomorphisms.
On the open subset V we can represent the Fedosov di¤erential (3.21) in the following (non-covariant) form Thus applying the twisting procedures developed in [10] , section 2, and using claim (3) of theorem 2.5 we get the commutative diagram
ð5:38Þ in which K tw is an L y -quasi-isomorphism of the sheaves of DGLAs and S tw is an L yquasi-isomorphism of the sheaves of DGLA modules.
Due to claim (4) in theorem 2.5 and claim (3) in theorem 2.6 the quasi-isomorphisms do not depend on the trivialization of E over V . 
Concluding remarks
It would be interesting to prove the corresponding version of the algebraic index theorem [26] , [32] , which should relate a cyclic chain in the complex associated with a deformation P (4.10) to its principal part and characteristic classes of the Lie algebroid ðE; M; rÞ. It would be also interesting to investigate how other characteristic classes [6] , [15] , [22] [21] .
Finally, we think that the technique of mixed resolutions proposed by A. Yekutieli [39] could help us to prove Tsygan's formality conjecture for Hochschild chains of the structure sheaf of a smooth algebraic variety over an arbitrary field of characteristic 0.
